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Complex Numbers

z =X+iy x,y €R Inéz)
z* =x—iy conjugate
zz¢ =x2+y?=|z]*> 0<|z| module

Polar representation: x = rcos® ARk
(r=1z|,0) y=rsinf
Relz}

z = r(cosf+isinf) = rel (L. Euler 1748) ST

Rotate z by ¢ with w = €% : w2z =€ rel? = rei(?+9)
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Circular Motion

_an
1
dt

Rotation in Gaussian plane with

constant angular speed

_ 0 _2n _
w=i=5 — 0 = wt

X(t) — rei(0+00) — (reieo)eiwt

x(t) = ae* = a(coswt + isinwt)

iwt —iwt
eiwtiefiut

Ssinwt = 5

Real oscillations consist of equal
contributions of positive and
negative frequency components.
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Cartesian Vectors

In 2D v
rn ~ ~
r= = e + mney
r
= L +r 0
~lo) T2 \1
T A 1 T A el X
n=r e1:(r1 r2) 0 , h =r"e
: In 3D
n
r = | n| =né + rné + rné;
r3
1 0 0
=n|0]l+mrnr|l1]+mn]0
0 0 1
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2x2 Matrices
T _ (a1 _ (aib1 aib
ab’ = <82> (by b2) = <32b1 82b2>
Ab — <811 312> <b1> _ (811131 + 812b2>
a1 axn/ \ b az1b1 + axabo
bTA = (allbl + ar1by aioht + 322b2)

_ (ai1bi1 + awpbo1r  aiibio + a1nbxo
AB =
ar1b11 + axnbo1  axi b1z + axnban

: a1 a
Determinant: det(A) = W 912) g apn — apan
al  ax
1 axn —an
Inverse: A"l = det(A) #0
det(A) \—a21  an 7
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2x2 Matrices (2)

Solve Y
Ax = Ax Ay
AX = Ax
for linear independent eigenvectors x == 0 [
and eigenvalues A: X
det(A — AlI) =0
o] X Ax X

Characteristic polynomial for 2x2 matrix A

(A —a11)(A — ax) — apa; =0

Find eigenvalues for

cosf —sinf
sin @ cos 6
Hint: use \/—1 =i
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Pauli matrices

W. Pauli (1924): two-valued quantum degree of freedom

n .
r n—ir
Represent r = | n | by > ! 2
. rn+in —r
3

Accordingly, standard basis vectors & € R3 are related to Pauli
matrices:

(01 (0 i /10
91=\1 0)0727\i 0/)7937\o -1

3
Any r € R3 can hence be represented as o = Z rio;, ocC2
i=1
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Pauli matrices (2)

Eigenvalues  det(o; —Al)=0 — AX=4=£1

Eigenvectors o ix = A\x

A=1—x A=—1—x

o3 (é) = |o) <(1)> =15)

o (1) =@ H(1)=H@-m
o2 & (1) =H@rin & (;) =G+

with (oml-[on) = (@m| ¥n) = (X, X, ) (Xru) =
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Quantum Operators

Postulate

In quantum mechanics physical quantities (observables) are
represented by linear, Hermitean operators Q = Q1
(t - conjugate transpose).

Pauli matrices - projections of moment of electrons, protons etc.
in three perpendicular reference directions:

3
h . em?
spin angular momentum S = — g o; h~1.0546-10"%" g-am
25 s
> g - cm?
spi agnetic moment = g i ~141078 22—
pin magnetic momen 172 )2 o MP SZ,gaUSS

i=1
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Measurements and Quantum States

Postulate

In any measurement of an observable only eigenvalues ¢, of its
associated operator @ may be observed.

State of quantum (micro) system prepared for measurement of Q
vy = Z Cn len) |on) - eigenstate of Q
n

¢ € C - probability amplitude

(V| v)= ZZC cn (oml on)= ) leal* =
n

Measurement: 1) — |¢n) with probability p, = |cn|?
yielding Q = ¢,

Show state e |W) to be indistinguishable from |W).
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Average of Physical Quantities

Postulate

The average value for observable @ obtained by measurements in
state |V) is (Q) = (V| Q |V).

Q) =D cncnleoml Qlen) =D cincaQmn

AQ =4/(Q% —(Q)® (uncertainty)

For Pauli matrices it can be shown:  (o1)% + (02)% + (03)2 < 1

Compute (o3) for |W) = \%ﬂa) +2|8)).
Provide (o1), (o2) for given (o3) = —1.
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AB + BA

W.Heisenberg, P. Jordan, M. Born (1925)

[P,QR=PQ—-—QP=ih — APAQ>

N | St

Pauli-Matrices

[0’1, 0'2] = 2i0’3 [0’2,0’3] = 2i0’1 [0’37 0’1] = 2]0‘2

Proposition

For two physical quantities to be simultaneously measured with
arbitrary accuracy, their operators must commute: [A, B] = 0.

Consider
02 = (Mo1+ Mo2 + A302)° = (A3 +N3+03) — [0%,0:] =0
Eigenvalues of oj: A = +1 — eigenvalue of o?: 3
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Density Operator

Given ensemble of states |W;) each prepared with probability p;.
Probability to measure eigenvalue ¢, of observable Q:

pn=> Bicicn =D B (#nl W) (W] 0n) = (@ul p|2n)

Jj Jj
Density operator p = Z Bi V) (Vi
J

S o= (palplen) = Tr(p) = 1

n

<*=Zraj Q) =Zﬁj (W1 Q) = |use: Z\son nl =1
—ZZ wom (nl Wj) ZZ gon\w (V)] Q ln)
—Z wn\pQ!M Tr(pQ)



